Joining two midpoints of sides of a triangle


Task

Suppose  is a triangle. Let  be the midpoint of  and  the line through  parallel to:
[image: Midpoints3_c0bb294fda793076d5f258209ebcbc27]
a. Show that the angle  is congruent to the angle  and that the angle  is congruent to the angle. Conclude that the triangle  is similar to the triangle.

b. Use part (a) to show that  is the midpoint of.

Commentary
This task is closely related to very important material about similarity and ratios in geometry. In this case, the point  selected on the triangle  is the midpoint of. More generally, consider the picture below:
[image: Geometricratio_106cb948c07bb24d304a15c42a40a9f0]
Here  is any point on  (other than one of the endpoints) and  is the point on  so that  parallel to line. Then we have the relationship



The converse of this result holds as well: if  is a point on  and  is a point on  so that the above equality holds then then  is parallel to.

The argument presented here for midpoints works also in the more general setting mentioned in the above paragraph. Essential to this argument is the use of the AAA criterion for triangle similarity. The task can be used for assessment provided students are aware that they may use the AAA result in part (b) of this problem.

Solution
a. We require two auxiliary points on line : a point  so that  is between  and , and a point  so that  is between  and  as in the picture below.
[image: Midpoints_244a26e1a47ac37837f8e0cf5f6eae4a]

Lines  and  are parallel and  is a transverse for these parallel lines. Therefore angle  is congruent to the angle  since these are alternate interior angles for a transverse meeting parallel lines. Angle  is congruent to angle  by the vertical angle theorem. So, the angle  is congruent to the angle .

The same argument will show that angles  and  are congruent: the angle  is congruent to the angle  (alternate interior angles) and the angle  is congruent to the angle  (vertical angles) establishing that angles  and  are congruent.

We have  since these are the same angles. Therefore, the triangles  and  share three congruent angles and they are similar triangles. Alternatively, we could stop after producing two congruent angles and use the AA criterion for the similarity of triangles.

b. Since triangles  and  are similar it follows that



Since  is the midpoint of, we have and so  which means that  is the midpoint of segment.
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