Extensions, Bisections and Dissections in a Rectangle
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Task

In rectangle and is the midpoint of. Segment is extended units beyond to point and is the intersection of and. What is the area of?


Commentary
This task involves a reasonably direct application of similar triangles, coupled with a moderately challenging procedure of constructing a diagram from a verbal description.

Depending on its intended use, the teacher may wish to help students draw the picture of the rectangle and the extended side. It is important to remember the convention that the vertices of the quadrilaterals are labelled consecutively although the answer does not depend on whether they are labelled clockwise (the usual convention) or counterclockwise. Once an accurate picture is obtained, there are multiple approaches for computing the area. Two approaches are presented in the solutions, one using the formula for the area of a trapezoid, the other using triangles. In either case, the vital step in the argument is calculating the length of, for which similar triangles are employed.




Solutions
Solution: 1
Below is a picture of rectangleand the pointand trapezoid:
[image: Solution_pic_4e08c57ea3956f35766d4259575f5039]
Note that and are both right triangles since is a rectangle. They share angle and so by the AA criterion for similarity, is similar to. Since corresponding sides of similar triangles are proportional to one another, we conclude that



Plugging in the values that have been given we get



and we conclude that. Segmentsandbelong to opposite sides of rectangle which are parallel and sois a trapezoid. Its area can be computed using the formula where are the lengths of the (parallel) bases and is the height:





Solution: 2 Subtracting triangles from a rectangle
Alternatively, the area of the trapezoid is the area of rectangle minus the sum of the areas of right triangles and. We are given and so as well. We also know that since is the midpoint of. Using the similarity argument from the first paragraph,. Sincewe have.

The area of rectangle is and the area of triangle is. The area of triangle is. Combining all of this information, the area of trapezoid is

.
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