Why does SSS work?
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Task
In the picture below segment is congruent to segment, segment is congruent to segment and segment is congruent to segment:  
[image: http://s3.amazonaws.com/illustrativemathematics/images/000/003/252/large/ss1_a1d5d8f4c47d0086f5e402429f52cbfb.jpg?1404678901]

Show that the two triangles and are congruent via the following steps, which produce a rigid transformation of the plane sending to.

a. Show that there is a translation of the plane which maps to. Call and the images of and under this transformation.

b. Show that there is a rotation of the plane which does not moveand which mapsto. Callthe image ofunder this transformation.

c. Show that there is a reflection of the plane which does not moveorand which mapsto.

Commentary
This particular sequence of transformations which exhibits a congruency between triangles and used one translation, one rotation, and one reflection. There are many other ways in which to exhibit the congruency and students and teachers are encouraged to explore the different possibilities.

For example, in the first step, where point is moved via rigid transformation to point, this could be accomplished via a translation, rotation, or reflection. The second step, where is moved to while leaving fixed, could be accomplished with a rotation as is done here or with a reflection.



Solution
a. Translation by the segment maps to. The displacement is shown by the red arrows in the picture below:
[image: http://s3.amazonaws.com/illustrativemathematics/images/000/003/253/large/ss2_e999a28809654a2475a3fab4453d9007.jpg?1404679041]
The result of the translation is △A′B′C′ shown in green. 

b. In order to moveto, without moving, we rotate triangleabout pointby angle, the effect of which is pictured below (the pointis the image ofunder this rotation):
 
[image: http://s3.amazonaws.com/illustrativemathematics/images/000/003/254/large/ss3_21cd58e7bb9420ca2f5a14069d66fcc4.jpg?1404679173]
We know that the image of, under rotation aboutby angle, will bebecause, by assumption, is congruent to.

c. Now it remains to moveto, without movingor. The only possible rigid motion of the plane other than the identity which does not moveor, is reflection about so we must check that this reflection movesto. We know that because translations and rotations preserve distances and. Similar reasoning shows that. Henceis isosceles with. Similarly. This means that. By SASis congruent to. This means thatis the perpendicular bisector of. Reflection overmapstoand shows thatis congruent to.
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