Why does SAS work?
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Task

In the two triangles below, angleis congruent to angle, sideis congruent to sideand sideis congruent to side:

[image: Gco_8_rigid_motion_a_9c61ed78875c178d713b80e2094c814e]

Sally reasons as follows: "If angleis congruent to anglethen I can move pointto pointso that sidelies on top of sideand sidelies on top of side. Sinceandare congruent as areandthe two triangles match up exactly and so they are congruent.''

Explain Sally's reasoning for why triangle  is congruent to triangleusing the language of reflections:

a. Construct a reflection which maps pointto point. Callandthe images ofandrespectively under this reflection.

b. Construct a reflection which does not movebut which sendsto. Callthe image ofunder this reflection.

c. Construct a reflection which does not moveorbut which sendsto.

Commentary
For these particular triangles, three reflections were necessary to express how to move from to. Sometimes, however, one reflection or two reflections will suffice. Since any rigid motion will take triangle to a congruent triangle, this shows the remarkable fact that any rigid motion of the plane can be expressed as one reflection, a composition of two reflections, or a composition of three reflections.


Solution
Reflection about line sends point in the plane to point exactly when is the perpendicular bisector of

a. In the first part of this problem, we wish to send to via a reflection. So we must reflect about the perpendicular bisector of which is pictured below. Also pictured below is the new triangle obtained by reflecting triangle.

[image: Gco_8_rigid_motion_a_fc46284f851dcd58abdcc5d48da0fe5c]

b. In this step we wish to movetoand so we must reflect again, this time about the perpendicular bisector of. Note that it is important that this perpendicular bisector containsso that our second reflection preserves what we accomplished in the first step. The reason we know thatis on the perpendicular bisector ofis that it is equidistant fromandby the hypothesis thatis congruent to; and the perpendicular bisector of a line segmentconsists of all points in the plane equidistant fromand. The result of the second reflection is pictured below:

[image: Gco_8_rigid_motion_a_2bd53ba7faa6dd6c796fd3e07b4fb671]

c. In this last step we must movetovia a reflection while leavingandfixed. The only reflection that leavesandfixed is the one about line. So we have to check that reflection about linemapsto. Angleis congruent to anglebecause angleis the image under two reflections of anglewhich is congruent to angleby hypothesis. Since all rigid motions of the plane preserve angles, anglemust map to angle. Since segmentis congruent to segmentby hypothesis andis congruent to(because reflections preserve lengths of line segments) the reflection about linemapsto. After these three reflections, the trianglehas been moved on top of triangleso the two are congruent.

[image: Gco_8_rigid_motion_a_b90d83520104f56b5a8bc08cb9010511]

Note that the first step of this construction does not use any of the hypotheses. The second step uses the fact that is congruent to and the third step uses the facts that is congruent to and angle is congruent to angle.
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