The Circle and The Line

Task

Sketch the circle with equation x? + y? = 1 and the line with equation y = 2x — 1 on the same
pair of axes.

a. There is one solution to the pair of equations

x*+yt=1
2x—1=y

that is clearly identifiable from the sketch. What is it? Verify that it is a solution.

b. Find all the solutions to this pair of equations.
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Solution

The equations x? + y? = 1 and y = 2x — 1 are graphed below.

The solution that is clearly identifiable from the graph, the point at which the circle and line
intersect, is (0, —1).

We can check that (0, —1) is a solution to the pair of equations by substituting (plugging in) 0
for x and —1 for y in both equations.

x2+y2=1
072+ (-2 =1
0+1=1
1=1v
y=2x-1
~1=200)-1
-1=0-1
-1=-1Vv

We have verified that (0, —1) is a solution to the pair of equations.
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From the graph, we can see that there is another solution (in Quadrant I). However, it is difficult to
visually determine its exact x- and y-coordinates. To find its exact location we can solve the
system of equations by substitution.

Let (x, y) be the intersection point. Since y = 2x — 1 by virtue of the point being on the line, we
can substitute the quantity (2x — 1) for every y appearing in the equation of the circle. We then
simplify as follows:

x>+ (2x-1)?2?=1

X+ 2x-1D2x-1) =1
x> +4x? -2x—-2x+1=1
5x>—4x+1=1

5x%—4x =0
x(5x—4)=0
x=0 or 5x—-4=0
S5x =4
4
X ==
5
If x = 0, we know y = —1, so we have re-discovered the first intersection point we observed. So

: : : . 4 . ,
our second intersection point has x-coordinate equal to p and we are left only having to now find

its y-coordinate. We simply substitute x = % in either equation and solve for y.

=5 1 _2(4) 1 _8 1 _8 5 _3
y=ex— 1ty =243 Y=57 Y T575Y 75

Now we have that (45, 35) is also a solution.
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