Cash Box


Task
Nola was selling tickets at the high school dance. At the end of the evening, she picked up the cash box and noticed a dollar lying on the floor next to it. She said,
I wonder whether the dollar belongs inside the cash box or not.
The price of tickets for the dance was 1 ticket for $5 (for individuals) or 2 tickets for $8 (for couples). She looked inside the cash box and found $200 and ticket stubs for the 47 students in attendance. Does the dollar belong inside the cash box or not?


Commentary
The given solutions for this task involve the creation and solving of a system of two equations and two unknowns, with the caveat that the context of the problem implies that we are interested only in non-negative integer solutions. Indeed, in the first solution, we must also restrict our attention to the case that one of the variables is further even. This aspect of the task is illustrative of the mathematical practice standard of modeling with mathematics, and crucial as the system has an integer solution for both situations, that is, whether we include the dollar on the floor in the cash box or not. However, because the number of tickets sold to couples has to be even, we can determine if the dollar belongs in the cash box or not.
Alternate variants of the problem and its presentation are easy to come by (e.g., students could have a physical simulation -- a cash box with play money and ticket stubs available -- to further increase the cognitive demand on their modelling skills). Likewise, there are a variety of solution options: In addition to the two provided (and similar minor variants), there are some rather clever solution techniques which do not involve the creation or solution of a system of linear equalities. For example, students might reason that if all 47 tickets sold were individual tickets, there would be $235 in the cash box. The presence of only $200 in the cash box would imply that precisely 35 tickets were sold to couples, which is impossible as couples tickets are sold in pairs. Repeating the argument with $201 in the cash box leads quickly to the correct solution. Solutions of this form should be encouraged; they illustrate reasoning abstractly and quantitatively. Since it is possible to solve the problem without referencing systems of linear equations, the task is not recommended for directly assessing the aligned content standards.

Task adapted form a submission from Luke Biesecker, Math Teacher, Ferndale High School, Humboldt County, California.



Solutions

Solution: System of linear equations
Letbe the number of tickets sold to individuals andbe the number of tickets sold to couples. We know thattickets were sold so far, so we have. Since each individual's ticket is, the total amount of money made by selling tickets to individuals is. Similarly, since each ticket sold to couples is, the total amount of money made by selling tickets to couples is. The cash box containstotal, so we have. Thus, we can represent the situation with a system of equations:



Does this system of two equations in two unknowns have a positive integer solution? Furthermore, has to be even, since tickets sold to couples were only sold in sets of.

Solving the first equation for we have



Substituting for in the second equation we obtain



Distributing and collecting like terms we have



Therefore, and. This means that without the found extra dollar in the cash box, tickets were sold to couples and tickets were sold to individuals. This is not possible, since couples tickets were only sold in sets of.

First indications are that the on the floor belongs in the cash box. To check this, we change the system of equations so that it reflects the extra in the cash box:



The solution to the changed system of equations is and, so tickets were sold to individuals and tickets were sold to couples. This combination of tickets is indeed possible.

Note that it is not really necessary to solve the second system of equations in the standard way. We could just have argued that exchanging one couples' ticket for an individual's ticket would increase the money in the cash box from to and it would result in an even number of couples tickets sold.


Solution: System of linear equations, slight variant
We briefly outline a second way of modelling the problem: If we let be the number of singles attending the dance, and be the number of couples attending the dance (rather than the number of people attending as part of a couple), then the system of linear equations becomes instead



which one checks as in the other solution does not have a solution in non-negative integers. On the other hand, the analogous system



with solution and. So, as in the other solution, we conclude that the extra dollar belongs in the cash box, with singles and couples attending the dance.
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