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Suppose  is a quadratic function given by the equation f(x) = a@? + ba +cwhere @, b, are real numbers and e vill assume that @ is non-
zer0.

a K0 isaroot of f explain whyc = 0 or,in other words, @ -+ bz +c is evenly diisible by T
b 1f Lis aroot of f explain why az® + bx + ¢ s svenly duisible by @ — 1

. Suppose T'is a real number. i7" is a root of f explain why @z + bz +Cis svenly divisible by  — 7
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Commentary

For a polynomial function p. a real number s a root of p if and only if p() is evenly divisible by & — 7. This fact leads to one of the important
properties of polynomial functions: a polynomial of degree d can have at most d roots. This is the first of a sequence nf problems aiming at showing
this fact. The teacher should pay close attention to the logic used in the solution to part (c) where the diisibilty of a” + bz +cby  — 7 is
obtained not by performing long division but by using the result of long diision of these polynomials; namely, that said division willresult in an
expression of the following form:

az? +be +c=(z—7)(z) +k
where { is a inear polynomial and kis a number.

This task could be used either for assessment or for instructional purposes. f it is used for assessment, parts (a) and (b) are more suitable than part
(c). Each of the questions in this task could be formulated as an if and only if statement but the other implication, namely that f(z) is divisible by
@ —rifand only if7is a root of f. The direction not presented in this task is more straightforward and so has been left ot
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Solution: 1
. If0is a oot of the function f this means that £(0) = 0. Since f is given by the formula f(z) = az® + bz +cthis means that
a0 +b-0+c=0.
From here we ses that ¢ = 0. Since ¢ = 0, we have
f(z) =az® +be = z(az +b)
50 () is evenly cvisible by
b. 1 Lis a root of the function f this means that £(1) = 0. Since f is given by the formula f(2) = az? + bz +cthis means that

a1 4bltc=

So we have @ + b +¢ = 0. fwe perform long diision ofa® + b +¢ by (¢ — 1) we find that = — 1 goes in a +a + btimes with
aremainder of @ +b -+-¢. But we just saw that, when L is a root of £, @ -+ b +cis zero so this means that (z — 1) diides
az? + ba +cevenly.

¢ IfTis aroot of f this means that f() = 0. We could perform long division as in part (b) but it is complicated because we have an extra
variable 7. The result of performing long division will be a linear polynomial function I and a constant k so that

az? +be +c = (z—7)l(z) +k.
To evaluate K we could perform the long dhision as in part (5) o we can plug T into the above equation to find

ar® +br+c = (r—r)l(r) +k

Sok=ar? +br+c = f(r) But we know that f(r) = 0 because T"is a root of f. Hence az? + bz +c = (z —7)I(x)and so
2 — 7 diides az? + bz +c evenly as desired

Ntice in part (c) that it was not necessary to calculate () explicitly, just to know that such a linear polynomial exists and can be found
by performing long division of polynomials. This is important because the division process is tricky to perform when there are so many.
variables and it becomes even more difficult when the polynomials involved are of larger degree
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