Glasses 
[bookmark: _GoBack]The diagram shows three glasses (not drawn to scale). The measurements are all in centimeters. 
[image: http://www.illustrativemathematics.org/images/8.G.9_Glasses.jpeg]
The bowl of glass 1 is cylindrical. The inside diameter is 5 cm and the inside height is 6 cm. 
The bowl of glass 2 is composed of a hemisphere attached to cylinder. The inside diameter of both the hemisphere and the cylinder is 6 cm. The height of the cylinder is 3 cm. 
The bowl of glass 3 is an inverted (upside down) cone. The inside diameter is 6 cm and the inside slant height is 6 cm. 
a) Find the vertical height of the bowl of glass 3. 

b) Calculate the volume of the bowl of each of these glasses.

i. Glass 1

ii. Glass 2

iii. Glass 3


c) Glass 2 is filled with water and then half the water (by volume) is poured out. 
Find the height of the water that remains in the glass.



Commentary 
This task gives students an opportunity to work with volumes of cylinders, spheres, and cones. Notice that the insight required increases as you move across the three glasses, from a simple application of the formula for the volume of a cylinder, to a situation requiring decomposition of the volume into two pieces, to one where a height must be calculated using the Pythagorean theorem.
The task can be used in the classroom to foster a number of discussions. 
· First, although the task does not ask students to say which glass holds the most water and which holds the least, students could be asked to say what they think the answer is and then their estimates could be compared with the exact answers.

· Second, notice that the solution is framed in terms of knowing the volume for a cylinder or a cone in terms of the area of the base and the height, rather than formulas involving r and h. This is intentional, since it allows for the observation that the volume of a cone is 1/3 the volume of a cylinder with the same base and height. The teacher could ask if this means that the volume of glass #3 is 1/3 the volume of glass #1. The answer is no, because glass #3 does not have height 6 cm, it has slant height 6 cm. This discussion could be used to highlight the need to attend to precision (in this case, the distinction between height and slant height). 

· Finally, the question arises of whether answers should be given in exact form or as decimal approximations, and what are the advantages of each. Since the answers involve π and square roots, decimal answers will necessarily be approximations; on the other hand, for practical purposes (e.g., how may glasses will you get out of a 1 liter bottle) a decimal approximation may be necessary.

Solution

The solutions use volume formulas for cylinders, cones, and spheres. Note that all units are in terms of centimeters: area units are cm2, and volume units are cm3. The units are sometimes omitted for convenience. The diagrams are not to scale.

a) To find the vertical height of the bowl portion of the glass, first we need to visualize the right triangle that is the cross section of the cone. (See diagram below.)  Its hypotenuse corresponds to the given slant height of 6 and the known leg is equal to the radius 3.  The unknown leg of the right triangle is the height we are looking for.
[image: Sol_1_d5727ab3ffc315742b84a7114d0dd92d]
We use the Pythagorean theorem, with h = height in centimeters:  which becomes; that gives us. (At this point, the value of h may be approximated as 5.2 or left in exact form.)
b) Find the volume of the bowl of each glass:

i. For glass 1 we use the fact that the volume of a cylinder is given by 
.
Since the base is a circle with radius, the volume V (in cm3) is
 , which simplifies to or.
[image: Sol_2_287136220bbb4b60b1914940bed61aba]
ii. For glass 2 the bowl consists of two parts. First is a cylinder of height and radius 3. It sits atop the second part, a hemisphere of radius 3. We add the volumes of these two parts in order to find the total volume. 
For the cylinder portion, the volume (in cm3) is which. The volume of the hemisphere is equal to half the volume of a sphere of radius 3, or   which when simplified. 
Add these two parts to get the total volume (in cm3):.
[image: Sol_3_0ace12cd7104b8e131edc3ba33e50b7c]
iii. For the volume of the bowl of glass 3, use the fact that the volume of a cone is given by. We know that the radius is 3 and the height is  by part (1). So the area of the base is and the volume V (in cm3) is
.
[image: Sol_4_19ed7b74efd529cd70f09af91ad78e54]

c) Note first that the height of the liquid is measured from the bottom of the bowl of the glass.
The total volume of the glass is 45π, so if half the water (by volume) is poured out then the remaining water occupies a volume which is half of 45π, or 22½ π. Notice that this is not just 3 cm up the glass since the hemispherical part of the glass holds less than the cylindrical part. (It is easy to see that if the glass had a cylindrical bottom, it would be bigger and so have a larger capacity.) As we saw in (b. ii.), the liquid in the glass fills the hemisphere first and then the cylindrical portion of the glass. The hemispherical part of the glass holds a volume of 18π, leaving a volume of  to fill the cylindrical portion.
[image: Sol_5_cfb0e964dbee62e70f1834768d7ac1ff]
The question is now reduced to finding the height of the liquid in the cylindrical portion of the glass. Once we know this height, we can simply add the height from the hemispherical portion, which is 3, and obtain the full height of the liquid in the glass.
To get the height of the liquid in the cylinder we compute the height of a cylinder that has volume. We use the formula for volume to solve for the height: , which leads us to . We can now add 3 to this to get the required height of the liquid in the glass which is (in cm).
[image: Sol_6_e58465f543298ec350d704d7ee2c7cb2]
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